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Abstract. The aim of this paper is a complete statistical analysis of the two dimensional discrete wavelet transform, 2D DWT. The probability density function
and the correlation of the coeﬃcients of this transform are computed. The asymptotic behaviour of this transform is also studied. The results obtained were used to
design a new denoising system dedicated to the processing of SONAR images.
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Introduction

The 2D DWT is a very modern mathematical tool. It is used in compression (JPEG 2000) and denoising applications. To exploit all its advantages,
it must be carefully analysed. The aim of this paper is the study of this
transform from the statistical point of view. Such a complete study was not
already reported.
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The 2D DWT

At every iteration of the DWT the lines of the input image (obtained at
the end of the previous iteration) are low-pass ﬁltered with a ﬁlter having
the impulse response m0 and high-pass ﬁltered with the ﬁlter m1 . Then the
lines of the two images obtained at the output of the two ﬁlters are decimated
with a factor of 2. Next, the columns of the two images obtained are low-pass
ﬁltered with m0 and high-pass ﬁltered with m1 . The columns of those four
images are also decimated with a factor of 2. Four new images (representing
the result of the current iteration) are obtained. The ﬁrst one, obtained
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after two low-pass ﬁlterings is named approximation image (or LL image).
The others three are named detail images: LH, HL and HH. The LL image
represents the input for the next iteration. In the following, the coeﬃcients
k
, where x represents the image who’s
of the DWT will be noted with x Dm
DWT is computed, m represents the iteration index and k = 1, for the HH
image, k = 2, for the HL image, k = 3, for the LH image and k = 4, for the
LL image. These coeﬃcients are computed using the following relation:


k
k
(1)
x Dm [n1 , p1 ] = x (τ1 , τ2 ) , ψm,n,p (τ1 , τ2 )
where the wavelets can be factorized:
k
k
(τ1 , τ2 ) = αkm,n,p (τ1 ) · βm,n,p
(τ2 )
ψm,n,p

(2)

and the two factors can be computed using the scale function ϕ (τ ) and
the mother wavelets ψ (τ ) with the aid of the following relations:

αkm,n,p (τ ) =



k
βm,n,p
(τ ) =

ϕm,n (τ ) , k = 1, 4
ψm,n (τ ) , k = 2, 3

(3)

ϕm,n (τ ) , k = 2, 4
ψm,n (τ ) , k = 1, 3

(4)

where:
m

ϕm,n (τ ) = 2− 2 ϕ(2−m τ − n)


m
ψm,n (τ ) = 2− 2 ψ 2−m τ − n
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(5)
(6)

The pdf of the wavelet coeﬃcients

k
The pdf of the wavelet coeﬃcients, x Dm
, can be expressed with the aid of
the pdf of the input image, x, using the relation, [3]:
M(k)

M0
fx Dm
k (a) = q =1 ...r =1 fd (k, q1 , r1 , ..., qm , rm , a)
1
m

(7)

fd (k, q1 , ..., rm , a) = G (k, q1 , ..., rm ) fx (G (k, q1 , ..., rm ) a)

(8)

where:

and:
G (k, q1 , r1 , ..., qm , rm ) =
F (k, q1 , r1 )

1
m

l=2

where:

(9)
m0 [ql ] m0 [rl ]
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⎧
m0 [q1 ] m0 [r1 ]
⎪
⎪
⎨
m0 [q1 ] m1 [r1 ]
F (k, q1 , r1 ) =
m1 [q1 ] m0 [r1 ]
⎪
⎪
⎩
m1 [q1 ] m1 [r1 ]

f or
f or
f or
f or

k
k
k
k

=4
=3
=2
=1
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(10)

M0 represents the length of the impulse response m0 , M1 the length of m1
and the numbers of the ﬁrst two groups of convolutions in relation (7) are
given by the relation:
⎧
⎧
M0 f or k = 4
M0 f or k = 4
⎪
⎪
⎪
⎪
⎨
⎨
M0 f or k = 3
M1 f or k = 3
M (k) =
and N (k) =
(11)
M
M0 f or k = 2
f
or
k
=
2
⎪
⎪
1
⎪
⎪
⎩
⎩
M1 f or k = 1
M1 f or k = 1
In conformity with (7), the pdf of the wavelet coeﬃcients is a sequence of convolutions. Hence, the random variable representing the wavelet coeﬃcients
can be written like a sum of independent random variables. So, the central
limit theorem can be applied. This is the reason why the pdf of the wavelet
coeﬃcients tends asymptotically to a Gaussian, when the number of all convolutions in (7) tends to inﬁnity. This number depends on the mother wavelets
used and on the number of iterations of the DWT. For mother wavelets with
a long support, this number becomes high very fast (for a small number of
iterations). The mother wavelet with the shortest support is the Haar mother
wavelets.
We have computed, using the relation (7) the pdf of the coeﬃcients of the
2D DWT of an image containing a noise distributed following a log-gamma
distribution, using the Haar mother wavelets. Because the diﬀerence between
the pdfs of the wavelet coeﬃcients obtained after the second iteration and the
Gaussian is small in this case, and because the support of the mother wavelets
used in practice is longer than the support of the Haar mother wavelets, used
in this example, we conclude that after two iterations the pdfs of the wavelet
coeﬃcients can be considered Gaussian. For the ﬁrst two iterations, heavytailed models must be considered. Finer analysis, measuring the distance
between the real pdfs and Gaussian, are performed in [1], [2] and [3].
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The correlation of the wavelet coeﬃcients

The input image, x, represents, in general, the sum of the useful image, s, and
of the noise image, n. Because these two random signals are not correlated,
the correlation of the wavelet coeﬃcients of the image x, is the sum of the
correlations of the wavelet coeﬃcients of the useful image and of the noise
image. The correlation function of the wavelet coeﬃcients can be computed
using the following relation:
 k
∗
k
Γx Dm
k [n1 , n2 , p1 , p2 ] = E
x Dm [n1 , p1 ] x Dm [n2 , p2 ]
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=
R4

k∗
k
E {x (τ1 , τ2 )} · ψm,n
(τ1 , τ2 ) · ψm,n
(τ3 , τ4 ) dτ1 dτ2 dτ3 dτ4
1 ,p1
2 ,p2

or:
Γx Dm
k [n1 , n2 , p1 , p2 ] =

1
4π 2

R2

(12)



γx 2−m ν1 , 2−m ν2 ·

 
2
· α2 ψ k (υ1 , ν2 )  · e−j[υ1 (n2 −n1 )+υ2 (p2 −p1 )] dν1 dν2

(13)

where the square of the absolute value representing the ﬁrst factor on the
last line represents the power spectral density of the one dimensional mother
wavelets. If the input noise is white, with a known variance, z, it can be
written:


(14)
γn 2−m ν1 , 2−m ν2 = z
and the expression of the wavelet coeﬃcients of the input noise image correlation function becomes:
k [n1 , p1 ] = z · δ [n1 ] · δ [p1 ]
Γn Dm

(15)

The same result can be obtained taking in (8) the limit for m tending to
inﬁnity. So, asymptotically the 2D DWT transforms every coloured noise
into a white one. Hence this transform can be regarded as a whitening
system. So, the wavelet coeﬃcients sequences of the noise component of the
input image are white noise images having the same variance. The ﬁrst and
second order moments of the wavelet coeﬃcients can be computed using the
following relations.



 k
k∗
[n1 , p1 ] = E
x (τ1, τ2 ) · ψm,n
(τ
,
τ
)
dτ
dτ
=
(16)
E x Dm
1
2
1
2
1 ,p1
R2


=

0, k = 1, 2, 3
2m · µx , k = 4

Only the means of the images formed with the approximation wavelet
coeﬃcients are not nulls. The mean of the DWT of the noise component of
the input image is given by the relation:


 k
0, k = 1, 2, 3
[n1 , p1 ] =
(17)
E n Dm
−2m · µn , k = 4
In practice the number of iterations of the DWT is important. The dimensions of the image obtained using the approximation wavelet coeﬃcients
obtained after the last iteration are smalls. This is the reason why this image
is not ﬁltered in the denoising applications based on the use of the DWT. The
variance of the wavelet coeﬃcients of the noise component can be computed
using the relation:
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 k
x Dm [n1 , p1 ]2 = Γ Dk (0, 0) =
σx2Dm
k = E
x m
=

1
4π 2

R2

 
2
γx (2m ν1 , 2m ν2 ) · α2 ψ k (ν1 , ν2 )  dν1 dυ2

(18)

The DWT of the input noise component, n, has a variance given by:

z
k = 1, 2, 3
2
σn Dm
(19)
k =
z − 22m µ2n k = 4
This variance is constant for all the images formed using detail wavelet coeﬃcients. Hence, it can be estimated using the ﬁrst HH wavelet coeﬃcients
sequence. This estimation can be used for the ﬁltering of any other detail
image, formed with the detail wavelet coeﬃcients obtained at any iteration.
The correlation of the DWT of s is given by:
2m
Γs Dm
k [n1 , p1 ] = 2
· Γs [2m n1 , 2m p1 ]

its mean by:
E




k
s Dm [n1 , p1 ] =



0,
k = 1, 2, 3
2m · µs , k = 4

(20)

(21)

and its variance, by:
2m
σs2Dm
· σs2
k = 2

(22)

So, the variance of the detail wavelet coeﬃcients sequences obtained starting from the useful component of the input image increases when the iteration
index increases. All the relations established in this paragraph were used in
[4] for the design of a denoising system for SONAR images.
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Conclusion

A complete analysis of the 2D DWT was reported. It is proved that the
2D DWT asymptotically converges to the 2D Karhunen-Loeve transform.
So, the DWT of a coloured noise with a given probability density function
converges asymptotically to a white Gaussian noise. This is a generalisation
of the results reported in [5]. Based on this analysis a new denoising system
was built in [4]. Its performances for the treatment of the SONAR images
are also reported in [4]. This statistical analysis can be used for compression
purposes also. Statistical analyses of other wavelet transform will be reported
soon.
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