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Abstract: The Maximum A Posteriori (MAP) decoding
algorithms are used in convolutional decoders from the
single-binary turbo-codes. They compute the loglikelihood ratio (LLR) at each iteration for the issued
sequence. In the case of multi-binary turbo codes the
decoding can be made in the same way as in the case of
single-binary turbo codes. But, for the multi-binary turbo
codes (MBTC) there is another possibility to compute a
posteriori probabilities (APP) for each entering symbol:
symbol decoding. This paper proposes to analyze the
brought benefits from the point of view of BER and FER
performance, of the symbol/character-wise decoding in
comparison with the bit-wise decoding, in the case of
convolutional turbo coders that use the MAP decoding
types algorithms.
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1 INTRODUCTION
In its original form, [1], the turbo code or the parallel
concatenated convolutional code presents a single binary
input. Formally, the structure of a Multi-Binary TurboCode (MBTC) is the same as a binary one, Fig. 1.
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Fig. 1. Scheme of the multi-binary turbo code
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However, there are few functional differences [2],
differences that give some advantages [3]. The entry of
the turbo-code consists of an R-bit bus, a block of data
consists of a matrix of N = R × T bits, i.e. in a sequence
of T symbols, each symbol consisting of R bits. Also, the
interleaving implies both symbol mixing (inter-symbol
interleaving) and bits mixing on the symbol (intrasymbol interleaving), [4]. Decoding can be done per bit,
[5] or per symbol, [6]. Bit-wise decoding is the same as
that used in uni-binary turbo codes (UBTC), [1].
Symbol-wise decoding is a "a finer analysis" of the
decoder on the received sequence. Thus, considering a
sequence of data of length N-bit, the uni-binary decoder,
like the multi-binary decoder with bit-wise decoding,
computes N LLR values. Definitely for the multi-binary
encoder with R inputs the data sequence of R × T bits is
organized in a matrix with the size R × T. This means in
a sequence of T symbols, each symbol contains R bits. In
this case the symbol multi-binary decoding involves the
finding of 2R APP values for each symbol from those T.
There will be a total amount of T⋅2R APP values for the
whole bit sequence which represent „a finer analysis” of
the received sequence, when R is bigger.
In this paper we have investigated the two methods of
decoding, bit-wise decoding and symbol-wise decoding,
in the case of multi-binary convolutional turbo codes
which, in decoding, are using the Maximum A posteriori
(MAP) algorithms through simulations, in order to
establish the hierarchy on BER and FER performance.
The paper is organized as follows. Sections II and
III present the bit-wise decoding and symbol-wise
decoding, respectively, of the MBTCs. Section IV
presents some simulation results and section V is
dedicated to some concluding remarks.
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2 THE BIT-WISE DECODING ALGORITHM
If we consider that the two decoders DEC1 and DEC0
implement the MAP iterative decoding algorithm, the
bit-wise decoding of the multi-binary turbo codes is
similarly with the case of uni-binary turbo codes.
The MAP algorithm, proposed by Bahl, Cocke,
Jelinek and Raviv, [7], calculate the Log Likelihood
Ratio, LLR, for each bit, u rt , with 1< t < T, and 1< r < R,
of the each symbol of the original data sequence
u = [u1 u2 … uT], where ut = [ u1t u 2t … u Rt ]T, under the
form:
⎛ ∑ α t-1 (sˆ ) ⋅ γ t (sˆ,s ) ⋅ β t (s ) ⎞
⎟
⎜ (sˆ,s)⇒
⎟
⎜ t
=
+
u
1
⎟,
Ltr = ⎜ r
⎜ ∑ α t-1 (sˆ ) ⋅ γ t (sˆ,s ) ⋅ β t (s ) ⎟
⎟
⎜ (sˆ,s)⇒
⎟
⎜ ut =−1
⎠
⎝ r

(1)

where αt-1(ŝ) is the probability that the encoder trellis
was in ŝ state at instant t-1 and the received channel
sequence, before this moment, is [y1 y2 … yt-1], with
yj=[ y0j y1j … y Rj +1 ]T.
The alpha (or forward) coefficients can be calculated
recursively as:

α t (s ) = ∑ γ t (sˆ, s ) ⋅ α t −1 (sˆ ) ,
all sˆ

(2)

βt(s) is the probability that, having been given the trellis
state s at instant t, the received channel sequence, after
this moment, to be [yt yt+1 … yT],
β t −1 (sˆ ) = ∑ γ t (sˆ, s ) ⋅ β t (s ) ,
all s

(3)

γt(ŝ,s) is the probability that the encoder trellis took the
transition from state ŝ to state s and the received channel
sequence for this transition is yt:
R
⎞
⎛ R
γ t (sˆ,s ) = exp⎜⎜ ∑ u rt ⋅ La rt / 2 + ∑ Lc ⋅ y rt ⋅ x rt ⎟⎟
r =0
⎠
⎝ r =1

La 0t ,,ir

(5)
Le0t ,,ir = Lt0,,ir − La 0t ,,ir − Lc ⋅ y 0t ,r / 2 .

The a priori information, at each i iteration, are
obtained through interleaving of the sequences of the
extrinsic information:

(

(6)

).

3 THE SYMBOL-WISE DECODING
ALGORITHM

Symbol-wise decoding implies that for each character
from data sequence to compute the set a posteriori
probability (APP). In this case, the APP extrinsic and a
priori probabilities refer, in every time moment t, to a
character from the 2R possible. Considering the notations
from Fig. 1, we can write the equations:

L1t, i (d ) = La1t,i (d ) + Y1t + Le1t,i (d ) ,
Lt,0i

(d )

= La 0t,i

(d ) +

Le0t,i

Y0t +

(7)

(d ) ,

where Ltj,i (d ) and Letj,i (d ) are the probabilities (a
posteriori – APP, extrinsic respectively, computed by the
decoder j, j = 0 or 1, at iteration i and step t) that ut takes
the value d ∈ J ={0, 1 ... 2R-1}. (A decimal expression is
considered for all possible words ut.)
So, a priory probability can be computed as:

)

(

La1t ,i (d ) = π −1 Le 0t ,(i −1) (d ) ,
La 0t ,i

(d ) = π(

Le1t ,(i −1)

(8)

(d )) .

Y1t and Y0t are terms which are computed based on the
received sequence and on the noise dispersion σ2:

(4)

Le1t,,ri = L1t ,,ir − La1t,,ri − Lc ⋅ y1t,r / 2 ,

=π

Le1t,,r(i −1)

The operations π( ) and π-1( ) signifies the
interleaving and de-interleaving, respectively (marked
with „ilv” and „dilv” in Fig. 1).

Y jt =

In relation (4), La rt is the extrinsic information for the
r-th bit of the t-th symbol and Lc is the reliability factor.
The iterative turbo-decoding process supposes the
exchange of extrinsic information calculated at the
output of the two decoders with the relations:

)

(

La1t,,ri = π −1 Le0t ,,(ri −1) ,

1
σ

2

R +1

1

r =2

σ2

⋅ ∑ xrt ⋅ yrt +

⋅ x tj ⋅ y tj ,

(9)

with j = 0 or 1. Remark that the extrinsic probabilities set
is numerical equal to the branches set which leaves from
a node of the trellis (each branch corresponds of one
possible value of the information word)
4 SIMULATION RESULTS

For simulations we have used the MBTC proposed in
[4], having the component encoder as in Fig. 2, where:
u2
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Fig. 2. Canonical configuration of a two-input rate-2/3
RSC convolutional encoder with generator matrix
G=[13 15 11]10

For both, MBTC with bit-wise decoding and for
MBTC with symbol-wise decoding, the random
interleavers were used, [8]. The interleaver considered on
MBTC which implies bit-wise decoding has the length
equal to 1504 bits and the other one used in MBTC with
symbol-wise decoding has the length equal to 752 bits.
In the case of bit-wise decoding the bits from symbol
are separate decoded (for each bit one LLR is computed),
so it is possible that the data block to be rearranged in
one line vector having N=2T dimension and to be
interleaved with an interleaver with this length (2T).
In the case of symbol-wise decoding this operation
(rearranged in vector and binary interleaving) is not
possible anymore at MBTC with symbol-wise decoding
because the component encoders compute APPs for all
symbols, so the component bits cannot be separated.
Through the simulation we have considered the
AWGN channel and we have not used the puncturation
of RSC codes so that the decoding rate is equal to 1/2.
In turbo decoding a maximum number of iterations,
equal to 15, and a stop criterion of iterations, [9], were
used.
The simulation results are shown in Fig. 3 and Fig. 4.
To obtain the smallest BER and FER from the diagrams
we have used 500000 blocks of 1504 bits (752 duobinary symbols).
Obviously, the results show the superiority of
symbol-wise decoding method versus bit-wise decoding
method.
One remarkable fact about the obtained results is the
following. If in the case of bit-wise decoding the
difference between the MAP and MaxLogMAP
algorithms is approximately equal to 0.5 dB, in the case
of symbol-wise decoding this difference takes values
smaller than 0.1 dB.
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- S0, S1 and S2 represent the encoder states, which
correspond to 3-memory RSC encoders;
- u1 and u2 represent the input sequence bits;
- c represent the sequence of redundant bits.
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Fig. 4. FER performance of the multi-binary turbo code
with RSC codes with memory 3 and with generator
matrix G=[13 15 11]10
Another important advantage of symbol-wise
decoding versus bit-wise decoding is the diminution of
the error floor. This effect is substantial on the FER
curves, where the error floor appears immediately under
a FER=10-3, in the case of bit-wise decoding. But, the
error floor in the case of symbol-wise decoding is
practically inexistent.
5 CONCLUSION REMARKS

In this paper we analyzed the benefits brought from the
point of view of BER and FER performance, of the
symbol-wise decoding in comparison with the bit-wise
decoding, in the case of convolutional turbo coders that
use the MAP types decoding algorithms.
Analyzing the results obtained on the previous
section, it results that the symbol-wise decoding method
is superior to bit-wise decoding method.
As we can see on the two last figures we observe that
it is better to use the MaxLogMAP algorithm with
symbol-wise decoding, from a gain coding and an error
floor effect point of view, instead of the MAP algorithm
with bit-wise decoding.
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